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mater ial  in ' abnormal  or ientat ions '  (Aruja, 1943), t ha t  is, 
wi th  the fibre axis parallel to the directions [010] or [013], 
is either zero or very  much smaller t han  in clino-chryso- 
tile. I t  is notable t h a t  Hargreaves & Taylor  (1946) found 
variat ions between Canadian and Rhodesian fibres in 
respect of the subsidiary layer lines, which are produced 
b y  the mater ial  in the abnormal  orientations. 

Fur ther  work is in progress on the s t ructure of ortho- 
chrysotile and  its bearing on the general problems of 
chrysotile structure.  

My thanks  are due to the Directors of Ferodo Limited 
for pe rmi~ ion  to publish this communication.  
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The crystal-structure problem for N point  a toms per un i t  
cell is the  problem of solving for the atomic co-ordinates, 
x~, yj, z~ ( j =  1, 2 . . . . .  N) the sys tem of equations 

N 
Fh~ ~-  ~ fj(h, It, l) exp [--27ri(h~+Icyj+lz~)], (1) 

i=1 
where h,/c, 1 take on various integral  values. Theft(h, /c,  l) 
and only the magnitudes I Fhk~ I of the complex structure 
factors Fa~z are known from experiment.  I t  can be shown 
t h a t  only the differences x/~-x~, Y#-Yv ,  z/~-z~ are then  
determined b y  (1), and t ha t  3 ( N -  1) independent  magni- 
tudes I F ~ I  are sufficient to determine the solution 
(Haup tman  & Karle, 1950). 

I n  previous papers (Avrami, 1938; H a u p t m a n  & Karle, 
1950), solutions to this problem have been obtained which 
require more than  the algebraic m~n~mum of data.  I t  is 
the  purpose of this  note to show how the solution using 
the min imum of da ta  m a y  be found in principle. This 
solution is not  developed in detail  since it  is very  complex 
and appears to be unsuited for practical  computation.  

Each equation of (1) is mult ipl ied by  its complex con- 
jugate,  yielding 

N 
1 ~ ' ~  [ ' = Z Z f ~ ( h ,  k, Z)/~(h, k, Z) 

x exp ( -  2,i[h(x/~- xv) + b ( y ~ -  Yv) + l(z/~- zv)]}. (2) 

B y  making  the subst i tut ion 

~ = exp [ -  2.ix~], ~ = exp [ -  2.iy~], 
and ~/~ = exp [ -- 2~ziz/~], 

the  system (2) becomes a set of algebraic equations. This 
sys tem of equations m a y  be solved by  algebraic elimina. 
t ion theory  as follows: 

Given a set of n polynomials in n unknowns,  

g~(w~, w~ . . . . .  wn), i - -  1, 2 . . . . .  n, 

i t  is possible to replace the sys tem of n equations, g~ = 0, 
b y  a single algebraic equat ion involving one of the un- 
knowns (van der Waerden,  1940). The roots of this  
algebraic equat ion are the possible values of this unknown.  
The equation is obtained in the following fashion. Firs t  we 
s tate  the necessary and sufficient condition t ha t  a sys tem 
of n equations in one variable, g~(w)=O, i = l ,  2 . . . . .  n, 

have  a common root• Le t  the degree of the equat ion of 
highest  degree be equal to m. Mult iply each polynomial  gi 
of lower degree mi by  w~-~i and  by  ( w - 1 ) ~ - ~ i ,  thus  
obtaining a new sys tem of polynomials  which we adjoin  
to the polynomials  of degree m. This results in a new 
system of polynomials  hi, i - -  1, 2, ..., p,  each of degree m. 
Clearly, if  all the  original polynomials  are of degree m, 
then  p = n;  otherwise p > n. Next ,  the  l inear com- 
binations 

h, = ulh 1 +. . .  + u~h~, 
hv -v lh l -b  ... + %,h~,, 3 (3) 

are constructed which, when rearranged, are seen to be 
polynomials  in w, and  the u 's  and  v's are independent  
variables. These polynomials m a y  be wri t ten  

hu - ao wm -}- al w m-1 +. . .  + am, ~ 
h,, = be w~ + blw ~-1 +. . .  + b~, J (4) 

where the a 's  and  b's are seen to be linear combinat ions 
of the u 's  and v's. The resul tant  of these two polynomials  
is 

R =  

a o a I a~ . . . .  a m 0 0 . • .  0 

0 ao al . . . .  am-1 am 0 ... 0 
• • • . . ,  • • • • . o o  

0 0 0 . . .  a o a I a2 a 8 ... a m 
b o b I bz . . . .  bm 0 0 ... 0 
0 b o bl . . . .  bin-1 b,n 0 . . .  0 
• o o . o °  o o . . o . o  . 

0 0 0 . . .  b o b I b ,  ba . . .  b,n 

, (5) 

which mus t  be identically equal to zero, i.e. the  c o e f f i c i e n t  

of each power u~v ~ must  be equal to zero• We obtain in 
this  way  a system of polynomials on the coefficients of 
the g~ which, when set equal to zero, are necessary and  
sufficient conditions t ha t  the original sys tem of equations 
have a common root. This procedure, when used wi th  the 
sys tem of n equations in n unknowns 

g,(Wl, W 2 . . . . .  Wn)--O , i - -  1, 2 . . . . .  n, 

m a y  be applied repeatedly to eliminate successively each 
of the variables unt i l  we are left wi th  one equat ion in one 
unknown,  whose roots yield possible co-ordinates of one 
of the atoms. The main  drawback of this  procedure is 
the great  complexi ty of carrying out  the operations in- 
volved in successive eliminations. 
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As an  application of the above procedure, we consider 
the case of three atoms per uni t  cell in one dimension. 
Equat ions  (2) then become 

2 ~  2 2 [ .F~ I --fx1 q-f~. "kfx3 -Ff~fx~(~1~ .-F ~r~)-l-fnf~(~3 -F ~) 

+A,A~(~,~-~ ~+~), CO) 
2 - -  2 2 2 2 --2 2 

+A,f~(~b~r~ +~), (7) 
where ~, = ~ ~: = exp [- 2~i(~-~,)], ] 
and ~3 "- ~ ~3 ~ = exp [ - 2~ri(x~ - x3)], ) (8) 

so t ha t  ~ ,  and ~3 determine the x co-ordinates. I f  we set 

8 ~ - - ~ 1 2 - ~ - ~ 1 1  and t : ~ + ~  1, (9) 

equations (6) and (7) m a y  be replaced by  

ao t~ + a~t÷ a 2 : 0 (10) 

and bo~+b~t+b2=O,  (11) 
where 

a~ = 2 fu f~ f23( fn f~2s  +f~l  2 2 ~. 2 
2 " 2 2 2 2 2 

2 2 ~ +/~ +£~ + / ~ -  2A, A~- 2A~/~- 2A~:~- I ~ I ~ 
°o -- f x3f ~[f n f ~ s "F f ~(f ~ --/~,)], 

9. 9. 

bl =f~Jz~[fnf19.s a -F (f n -l-f i~. q-f la -- J F~ J~) s], 
b~.=f~2f~s[f~ff~_fga) s~.._fs _f~. _~,~. q-[ F~ I ~ 9.1 22 ./9-3 

"1- 2 f~ l f~  -t- 2fgaf~ -- 2f29f~3]. 
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The subst i tu t ion (9) leads to simpler equations than  would 
be obtained if  the  el imination theory  were applied to (7) 
and (8) directly. 

The el imination theory  when applied to the quadratics 
(10) and (11) yields for the el iminant  

4 R -  (2aob~- a~b~ ÷ 2a2b0) ~" - (4a0a 2 -  a~) (4b0b ~ -  b~) - 0. (12) 

The applicat ion of this result  to equations (10) and (11) to 
eliminate t gives a sextic in s. Knowing s, ~ can be found 
from (9) and, since t is the common root of (10) and (11), 
~a m a y  also be obtained from (9). 

The elimination theory  is completely general and offers 
the soiution in principle to the crystal-structure problem. 
However,  i t  is seen from the foregoing t rea tment  tha t  the 
algebraic approach is very  complicated and, for crystals 
containing several a toms in the un i t  cell, i t  appears to be 
impractical.  The relations obtained in the previous paper 
(Haup tman  & Karle, 1950) are el iminants of the structure- 
factor equations. They  were obtained however by  making 
use of the properties of hermi t ian  forms which avoided the 
necessi ty of finding m a n y  successive eliminants.  
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Util isat ion de la m&hode de Bragg-Brentano par l'emploi d'ampoules scellSes h foyer fin. Par H~_~ 
BR~SSEUR, Laboratoire de Cristallographie, Universitd, Lidge, Belgique 

(Refu  le 25 novembre 1950) 

Dans la m~thode de Bragg-Bren tano  appliqu~e ~ l '6tude 
des poudres cristallines, on emploie une fente den t  
l " i m a g e '  se forme sur le film r~cepteur. 

On peut,  comme l 'a  signal~ Brentano (1949), explorer 
un  domaine angulaire assez grand en hnpr lman t  une 
rota t ion ~ l '$chantil lon plan, ut i l isant  un  diaphragme 
qui tourne ~ une vitesse angulaire double de celle de 
l '~chantil lon examin6 et pla~ant la fente sur la cir- 
confSrence de support  du film. Dans ce cas, le temps 
d 'exposit ion devient  du m~me ordre de grandeur  que 
les temps n~cessaires pour obtenir  un  Debye--Scherrer 
ordinaire. 

Lorsqu 'on dispose d 'une ampoule ~ foyer fin, on peut  
supprimer la fente et disposer l 'ampoule par  rappor t  ~ la 
camera de telle mani~re que le foyer se trouve sur la 
circonf6rence de support  du film. Dans ces conditions, les 
temps d 'exposit ion sent  for tement  r~duits et deviennent  
ext r~mement  int~ressants. 

La  possibilit~ de disposer d 'ampoules scell~e8 ~ foyer fin 
supprime toutes les difficult~s inh~rentes aux tubes d~mon- 
tables et  rend la m~thode utilisable dans les laboratoires 
industriels. 

Pa r  l 'emploi d 'une camera de 22,6 cm. de diam~tre, 
nous avons pu obtenir  des radiogrammes ~ forte dis- 
persion en des temps relat ivement  courts. La  Fig. 1 
repr~sente les radiogrammes obtenus par  r~flexion sur le 
plan de clivage d ' tm monocristal  de mica. La radiat ion 

Cu K ~  est par t ie l lement  filtr~e de Kfl  au moyen d 'un  
~cran en nickel.* 

Dans le cas des apat i tes  (Fig. 2) qui n~cessitent g~n~rale- 
ment  des temps d 'exposit ion assez 61ev~s ( ~  100 milli- 
amperes heures), les temps d 'exposit ion n~cessaires n 'on t  
pas d6pass6 10 milliamperes heures. En  poussant  la 
tension de l 'ampoule ~ 50 kV. et en ut i l isant  des cam6ras 
de plus pet i t  diam~tre, le temps d 'exposit ion pourrai t  
encore ~tre r~duit notablement .  

Cette m6thode den t  le principe n 'es t  pas nouveau, mais 
qui, ~ notre connaissance, n ' a  jamais  ~t~ appliqu~e sous 
cette forme, peut,  h notre sens, presenter beaucoup 
d'int6r~t pour les contr61es et les recherches. Elle n ' a  pas 
la pr6tention de supplanter  les m~thodes dans lesquelles 
la focalisation est parfaite mais elle pr~sente l ' avantage  
de pouvoir ~tre utilis~e sans appareil  co~teux, encore- 
brant ,  de r~glage difficile et de d6r~glage facile. Elle peut  
@tre utilis~e dans les m~mes buts que la m~thode de 
Debye-Scherrer ,  pour la comparaison des intensit@s des 
divers ordres d 'une r6flexion et pour l '~tude des molecules 
& longues chaines orient6es sur verre ou sur plomb. 
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* L'ampoule ~tant en usage depuis un temps assez long, on re- 
marque, pour chaque ordre, & c6t@ des raies K~et Kfl (plus faible) 
du cuivre, la raie L du tungst~ne d6pos6 sur l'anticathode. 


